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VAT deduction =
(The original Amount of VAT) × (Upper Bound− Taxable Sales)

Upper Bound− Lower Bound



1989 1992 1997 2004 2010

Statutory VAT rate 3% 5%

Exemption threshold (JPY million) 30 10

MDS upper bound  (JPY million) 60 50 (abolition)
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v = (1 − α)y y

α

φ(y;α) =
a

1 + 1/e

(
(1− α)y

a

)1+1/e

e

π(y;α)

max
y

π(y;α) = (1− α)y − T (y;α)−Θ(y;α)− φ(y;α)

T (y;α) Θ(y;α)

v Θ(y;α) = θ(1 − α)y

θ ∈ [0, 1]

y ≤ y∗

π(y;α) = (1− α)y − tαy − φ(y)

= (1− α)y(1− tA)− φ(y)

t tA = tα
1−α

y > y∗



π(y;α) = (1− α)y −
(
1− ȳ − y

ȳ − y∗

)(
t

1 + t
y − tαy

)
− tαy − θ(1− α)y − φ(y)

≈ (1− α)y
(
1− tB − θ

)− (y∗)2

ȳ − y∗

(
− t

1 + t
+ tα

)
− φ(y)

ȳ tB = 1
1−α

(
y∗

ȳ−y∗
t

1+t
+ ȳ−2y∗

ȳ−y∗ tα
)

tA < tB α ∈ [0, 1
1+t

)

π(y;α) =

⎧⎨
⎩(1− tA)(1− α)y − φ(y) if y ≤ y∗

(1− tB − θ)(1− α)y − (y∗)2
ȳ−y∗

(− t
1+t

+ tα
)− φ(y) if y > y∗,

(1− α)y =

⎧⎨
⎩a(1− tA)e if y ≤ y∗

a(1− tB − θ)e if y > y∗

πbunch = (1− tA)(1− α)y∗ − a∗ +Δa∗

1 + 1/e

(
y∗(1− α)

a∗ +Δa∗

)1+1/e

πnot = (a∗ +Δa∗)(1− tB − θ)e+1

(
1

e+ 1

)
− (y∗)2

ȳ − y∗

(
− t

1 + t
+ tα

)

(1−α)y∗ = (a∗+Δa∗)(1− tB − θ)e

(1− α)(y∗ +Δy∗) = (a∗ +Δa∗)(1− tA)e

πbunch = πnot
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e+ 1

(
1 +

Δy∗
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)(
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Δy∗

y∗
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− y∗

ȳ − y∗
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1+t
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(1− α)(1− tA)

1

1 + Δy∗
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[
1− y∗
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−tα + t
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(1− α)(1− tA)

]
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e+ 1

(
1

1 + Δy∗
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)1+1/e

− 1

e+ 1

(
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1− tA

)1+e

=
1

1 + Δy∗
y∗

(
1− tC

)− e

e+ 1

(
1

1 + Δy∗
y∗

)1+1/e

− 1

e+ 1

(
1− tB − θ

1− tA

)1+e

= 0

tC = y∗
ȳ−y∗

−tα+ t
1+t

(1−α)(1−tA)

tB = 1
1−α

(
y∗

ȳ−y∗
t

1+t
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tA = tα
(1−α)

∂tB/∂ȳ < 0

tB

(1 − tB − θ)/(1 − tA) ȳ
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tB tC (1− tC) = 1−tB

1−tA
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π(y;α) =

⎧⎨
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(

1
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− α
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tD =
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∗ = 54.3% Δy∗1997/y

∗ = 54.2%
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y > y∗

π(y) = (1− α)y − y − y∗

ȳ − y∗

(
t

1 + t
y − tαy

)
− tαy − θ(1− α)y − φ(y)

t ȳ

T (y) ≡ y−y∗
ȳ−y∗

(
t

1+t
y − tαy

)
+ tαy

T (y) =
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(
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=
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(
t
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− tα
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+ tα
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=
1
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(
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− tα
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(
− y∗

ȳ − y∗
t

1 + t
+

ȳ

ȳ − y∗
tα

)
y.

y∗

T (y) y = y∗

T (y) ≈ T (y∗) + T ′(y∗)× (y − y∗)

= T ′(y∗)× y + [−T ′(y∗)× y∗ + T (y∗)]

=

(
y∗

ȳ − y∗
t

1 + t
+

ȳ − 2y∗

ȳ − y∗
tα

)
× y +

(y∗)2

ȳ − y∗

(
− t

1 + t
+ tα

)
.

T (y, α) π(y)

π(y) ≈ (1− α)y − T (y)− θ(1− α)y − φ(y)

= (1− α)y −
(

y∗

ȳ − y∗
t

1 + t
+

ȳ − 2y∗

ȳ − y∗
tα

)
× y − (y∗)2

ȳ − y∗

(
− t

1 + t
+ tα

)
− θ(1− α)y − φ(y)

= (1− α)y

[
1− 1

1− α

(
y∗

ȳ − y∗
t

1 + t
+

ȳ − 2y∗

ȳ − y∗
tα

)
− θ

]
− (y∗)2

ȳ − y∗

(
− t

1 + t
+ tα

)
− φ(y)

= (1− α)y
(
1− tB − θ

)− (y∗)2

ȳ − y∗

(
− t

1 + t
+ tα

)
− φ(y).

tB = 1
1−α

(
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ȳ−y∗
t

1+t
+ ȳ−2y∗

ȳ−y∗ tα
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γ

θS < θ

ỹ

π(y) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
y − αy − αyt− φ(y) if y ≤ y∗

y
[

1
1+t

− (1 + t)α + tγ
]− θS(1− α)y − φ(y) if y∗ < y ≤ ỹ

y
(

1
1+t

− α
)− θ(1− α)y − φ(y) if y > ỹ.

tF =
αt

1− α
, tG = 1− 1

1− α

[
1

1 + t
− (1 + t)α + tγ

]
, and tH =

t

(1− α)(1 + t)

π(y) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(1− α)y(1− tF )− φ(y) if y ≤ y∗

(1− α)y(1− tG − θS)− φ(y) if y∗ < y ≤ ỹ

(1− α)y(1− tH − θ)− φ(y) if y > ỹ.

1

1 + Δy∗
y∗

− e

e+ 1

(
1

1 + Δy∗
y∗

)1+1/e

− 1

e+ 1

(
1− tG − θS

1− tF

)1+e

= 0.

ỹ ȳ



y∗ < y ≤ ỹ

π(y) = y [1− (1 + t)α]− y − y∗

ȳ − y∗

(
t

1 + t
y − γty

)
− θS(1− α)y − φ(y)

≈ (1− α)y

[
1− t

1− α

{
α +

y∗

ȳ − y∗

(
1

1 + t
− γ

)}
− θS

]
+

(y∗)2

ȳ − y∗

(
t

1 + t
− tγ

)
− φ(y).

tF =
αt

1− α
, tI =

t

1− α

{
α +

y∗

ȳ − y∗

(
1

1 + t
− γ

)}
, and tH =

t

(1− α)(1 + t)
,

π(y) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(1− α)y(1− tF )− φ(y) if y ≤ y∗

(1− α)y(1− tI − θS) + (y∗)2
ȳ−y∗

(
t

1+t
− tγ

)− φ(y) if y∗ < y ≤ ỹ

(1− α)y(1− tH − θ)− φ(y) if y > ỹ.

tI = tB γ = α

1

1 + Δy∗
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(
1− tJ

)− e

e+ 1
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1

1 + Δy∗
y∗

)1+1/e
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(
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β = 1
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y ≤ y∗
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t
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− φ(y)
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(
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tα
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(
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1 + t
y − tαy
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− θ(1− α)y − φ(y)
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1 + t
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