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Abstract
Aiyagari and McGrattan (1998) point out that in an incomplete market model, govern-

ment debt may help to level out consumption by serving as a means of households savings 
and thereby improve social welfare. Aiyagari and McGrattan state that issuing a certain 
quantity of government debt is an optimal option. A similar analysis is conducted by Nakaji-
ma and Takahashi (2017) with respect to Japan. Aiyagari and McGrattan’s model assumes 
an infinite period of life for individuals. However, Peterman and Sager (2018) point out that 
if a finite period of life is assumed for individuals, the optimal quantity of government debt 
is a negative figure because demand for savings declines compared with the case of individ-
uals with an infinite period of life. In addition, in Aiyagari and McGrattan’s argument, the 
comparison is conducted only under a stationary equilibrium and the cost that arises during 
the transition path in which the debt quantity changes is overlooked. This paper conducts a 
review of existing literature on those two points.

Keywords:  government debt, incomplete market, overlapping generation structure, tran-
sition path

JEL Classification: H6, E21, E6

I.  Introduction

This paper reviews an analysis of the optimal amount of government debt using an in-
complete market model in which individuals are exposed to shocks for which there is no in-
surance market, resulting in excess savings. In Takahashi (2021), a similar review is con-
ducted in this journal, where the stationary equilibrium analysis in an incomplete market 
model with individuals living for an infinite period was mainly explained. In this paper, we 
focus on (1) a model with individuals living for a finite period and (2) the analysis of transi-
                          
＊ This article is based on a study first published in the Financial Review No. 146, pp. 5-20, Ino Akio and Kobayashi Keiichiro, 
2021, Incomplete Market and Optimal Debt in an Economy with an Overlapping Generation Structure written in Japanese. We 
thank Asonuma Tamon, Koeda Junko, and Yoshino Naoyuki for helpful comments on the earlier version of this paper.
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tion paths.
Aiyagari and McGrattan (1998) (hereinafter called AM) point out that when individuals 

face shocks that cannot be covered by the insurance market, government debt may improve 
social welfare by providing a means for saving because of the existence of excess savings. 
Later, Floden (2001) analyzes the case where not only government debt but also income 
transfer is added as a policy instrument. Nakajima and Takahashi (2017) apply the AM anal-
ysis to Japan and point out that the government may not be able to position debt holding as 
an optimal policy in Japan, where the risk faced by each individual is small, unlike the case 
in the United States.

Peterman and Sager (2018) (hereinafter called PS) introduce an overlapping generation 
structure into an incomplete market model and obtain results that differ from AM’s conclu-
sion that the optimal policy for the government is to save rather than incur debt.

All of the literature mentioned so far compares a stationary equilibrium under different 
levels of government debt. Suppose that the government debt ratio is reduced from over 
200% to 60% of GDP. Then the tax rate will be higher in the former case because of the 
need to pay interest on the government debt if comparison is made only at stationary equi-
librium, but the tax rate will be higher in the short run in order to reduce the government 
debt if the transition from the former to the latter is considered. Therefore, simply compar-
ing a stationary equilibrium with both high government debt ratio and high tax rate to a sta-
tionary equilibrium with both low government debt ratio and low tax rate misses the cost of 
short-term fiscal consolidation. Röhrs and Winter (2017) address this issue by analyzing the 
transition path in an incomplete market model. Ino and Kobayashi (2020) include the transi-
tion path in their analysis of whether to raise the consumption tax early or postpone it in or-
der to reduce government debt.

In order to understand the position of existing studies, we can classify them into four 
quadrants based on the two axes of “models of individuals who live for an infinite period/
models of individuals who live for a finite period” and “analyses of stationary equilibrium 
only/analyses that takes into account the transition path” as shown in Tables 1 and 2.

This paper first discusses the basic incomplete market model introduced by AM. Then in 
Chapter 3, we introduce PS, which introduce an overlapping generation structure; in Chap-

Table 1. Analyses of government debt using the incomplete market model: United States

Table 2. Analyses of government debt using the incomplete market model: Japan
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ter 4 and 5, we review Röhrs and Winter (2017) and Ino and Kobayashi (2020) as analyses 
dealing with transition paths and conclusions are drawn in Chapter 6.

II.   Government Debt in an Incomplete Market Model: A Stationary Equilib-
rium Comparison with Individuals Living for an Infinite Period

AM point out that in an incomplete market model, where individual labor productivity is 
subject to idiosyncratic shocks but there is no insurance against them, the existence of gov-
ernment debt may improve social welfare by serving a function to absorb excess savings 
generated by precautionary motives. The details of this model are explained below.

II-1.  The model: Aiyagari and McGrattan (1998)

There are three types of sectors in this model: households, firms, and the government. 
Firms hire labor Lt, and borrow Kt from households to produce goods. The production func-
tion is formulated as Yt＝F(Kt,zt Lt) where zt is the labor-augmenting technological progress. 
To match the economic growth in the data, it is assumed to grow at a constant rate, as in zt＝
z(1＋g)t where g is the rate of technological progress.

Households own one unit of time each period, use lt for leisure, and spend the rest 1-lt on 
labor to earn wage incomes. Households face the idiosyncratic labor productivity shocks et, 
so given the wage rate wt, their labor income is given by wtet(1－lt). They can also rent their 
asset to either firms or government and earn interest rate income rt. In addition, they receive 
income transfer Trt. Households will allocate these incomes to consumptions ct and savings 
at＋1. So the budget constraint of households is given by

ct＋at＋1≤(1－τy)wtet(1－lt)＋(1＋rt(1－τy))at＋Trt

where τy is the tax rate on income.

Households’ utility function is given by (ct
μ, lt

1–μ)1–v

1 – vu(ct, lt) = . Given the initial condi-

tion (a0,e0), households choose {ct, lt, at+1}
∞
t=0 to solve

 (1)

s.t. ct＋at＋1≤(1－τy)wtet(1－lt)＋(1＋rt(1－τy))at＋Trt (2)
   ct≥0,at＋1≥0,∀t.

The main feature of this model is that the market is incomplete because there is no insur-
ance market for the labor productivity shock et. Households that aim to equalize consump-
tion in order to maximize utility will respond to this situation by increasing their savings.

The government receives income taxes from households and issues government debt. 
Then, the government uses them for the government purchase Gt, repayment of the debt, and 
income transfer. So the government budget constraint is given by

Gt＋(1＋rt)Bt＋Trt＝Bt＋1＋τyrtKt＋τywt Lt.

(ct
μ, lt

1–μ)1–v

1 – vβ t max ∑
{ct, lt, at+ 1}

∞
t= 0 t=0

∞
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We describe how to remove the trend and the definition of stationary equilibrium in the 
appendix.

AM set the parameter values as in Table 3.

AM compare stationary equilibria at various values of the government debt-to-GDP ra-
tio. Figure 1 shows the simulation results.

When government debt is zero, interest rates are lowered due to excess savings, and the 
economy as a whole is in a situation of excess capital because individuals do not stop saving 
for precautionary savings even in such a situation. As a result, the number of borrowers of 
savings increases as government debt increases, and social welfare may be improved by 
eliminating excess savings. After setting parameters to adapt their model to the data of the 
U.S. economy, they conclude that the government debt-to-GDP ratio that maximizes social 
welfare is about 66%, which is not so different from the level of the U.S. at that time, as 
shown in Figure 1.

III.   Government Debt in an Incomplete Market Model: A Stationary Equilibri-
um Comparison with Individuals Living for a Finite Period

In contrast to AM’s conclusion that a positive government debt-to-GDP ratio maximizes 
social welfare, PS use an incomplete market model that introduces an overlapping genera-
tion structure in which individuals live for only a finite period to conclude that the govern-
ment debt-to-GDP ratio that maximizes social welfare should be negative, i.e., the govern-
ment should have a net worth.

III-1.  Peterman and Sager: Households

The biggest difference between AM and PS is that households live for a finite period in 

Table 3. Parameter values of the incomplete market model in AM
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PS. In this economy, there are J generations, with j＝1 corresponding to 21 years old and j
＝80 corresponding to 100 years old. The probability that households with age j survives to 
j＋1 is denoted as ψj, and set ψJ＝0. In every period, a new generation j=1 is born, and the 
population of that generation grows at a constant rate gn＞0.

The preference of households with age j＝0 is given by

Individual labor productivity ej evolves according to
log(ej)＝κ＋θj＋νj＋εj

where (i) κ～N(0,σκ
2) is the individual-level fixed effects, (ii) {θj}

J
j＝1 is non-stochastic age 

level fixed effects, (iii) νj is an individual-level persistent shock which follows AR(1)νj＋1＝
ρνj＋ηj＋1, ηj＋1～N(0,σν

2), and (iv) єj～N(0,σє
2) is an individual-level temporally shock. To 

simplify the notation, we collect these shocks and write εj＝(κ,θj,νj,єj). Let πj(εj＋1|εj) denote 
the transition probability.

III-2.  Peterman and Sager: Social Security

PS introduce the social security to have an overlapping generation structure close to the 
data. When households receive labor income weh, either s/he should pay amount multiplied 

β j– 1ψj[u(cj) – υ(hj)].𝔼𝔼1∑
j=1

J

Figure 1. Stationary equilibrium comparison in AM
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by tax rate τss or upper limit m― as a social security premium. PS assume that half of the social 
security cost is paid by households and the rest is paid by firms. So, the social security cost 
households pay is given by (τss/2)min{weh,m―}.

Pension benefits after retirement are determined by households’ average labor income. 
Given m1＝0, average labor income evolves according to

 (21)

The amount of pension benefits is determined by paying a fixed percentage of the aver-
age salary, which varies with income. If the average salary is less than 　, the pension bene-
fits are paid at a rate of τr1; if the average salary exceeds 　, the pension benefits are paid at 
a rate of τr2; if the average salary exceeds 　, the pension benefits are paid at a rate of τr3; 
and thereafter, the pension benefits do not increase even if the average salary increases. This 
relationship can be written down as

 (22)

Under this social security system, taxable income is defined as

 (23)

Given the taxable income y, we assume that income tax is given by the functional form 
following Gouveia and Strauss (1994):

           . (24)

III-3.  Peterman and Sager: Optimization Problem of Households

The state variables of households consist of asset a, labor productivity ε, social insur-
ance premiums m and age j. The optimization problem of households with age j before re-
tirement is

 (25)

 (26)
   a′≥ a. (27)

mj+1 = max{mh, 

mj

 (min{weh, m}+( j – 1)mj)}

for j ≤ 35, 

for j∈ (35, Jret), 

for j ≥ Jret. 

1
j

 (min{weh, m}+( j – 1)mj)
1
j

⎭
―
―
―
⎬
―
―
⎫

b1
ss

b1
ss

b2
ss

bbase(mJret) = τr1b1
ss + τr2b2

ss + τr3(mJret – b1
ss – b2

ss)
for mJret∈ [b1

ss, b2
ss),

for mJret∈ [b2
ss, b3

ss),
for mJret ≥ b3

ss.

for mJret∈ [0, b1
ss),

⎭
―
―
⎬
―
―
⎫

ss τr1b1
ss + τr2(mJret – b1

ss)

τr1b1
ss + τr2b2

ss + τr3b3
ss

τr1mJret

y(h, a, ε) =
if j < Jret

if j ≥ Jret.

⎭
⎬
⎫

we(ε)h+ r(a+Tr) –  min{we(ε)h, m}
τss
2r(a+Tr )

– 
1
τ1Y(y) = τ0(y – (y– τ1 + τ2))

πj(ε′|ε)Vj+1(a′, ε′, m′)Vj(a, ε, m) = max[u(c) – υ(h)]+βψjc, a′, h ∑
ε′

s.t. c+a′ ≤ we(ε)h+(1+ r)(a+Tr) –  min{we(ε)h, m} – Y(y(h, a, ε))
τss
2
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After retirement,

 (28)

s.t. c＋a′≤(1＋r)(a＋Tr)＋bss(m)－Y(r(a＋Tr)) (29)
  a′ ≥ a. (30)

Let λ (a, ε, m) denote the probability density function of households over (a, ε, m), and 
let µj denote the fraction of households with age j. The definition of stationary equilibrium is 
in the appendix. Table 4 shows the parameter settings of this model.

III-4.  Numerical Analysis

Under these parameter settings, the optimal government debt-to-GDP ratio in the PS is 
－61%, which means that the government should not hold net debt but should save, unlike 
the case of individuals who live for an infinite period.

In AM’s model, since each individual lives for an infinite period, accumulating savings 
can maintain consumption smoothing against shocks for a long period of time. Therefore, 
raising the interest rate by increasing the government debt and encouraging individuals to 
save has a positive effect on social welfare. On the other hand, in PS’s model, the benefits of 
increasing government debt and interest rates are not significant because individuals live for 
a finite period, and most of that time is spent in their youth when accumulate savings, and in 
old age when they withdraw their savings. Rather, the results suggest that government sav-

πj(ε′|ε)Vj+1(a′, ε′, m′)Vj(a, ε, m) = max[u(c) – υ(0)]+βψjc, a′ ∑
ε′

Table 4. The parameter values in PS
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ings can improve social welfare by lowering interest rates and making consumption more 
equal by lowering private savings.

IV.  Government Debt in an Incomplete Market Model: A Study of Transition Paths

Röhrs and Winters (2017) (hereinafter called RW) analyze the transition path of govern-
ment debt reduction in an incomplete market model under the assumption of individuals liv-
ing for an infinite period. The AM analysis compares the stationary equilibrium under the 
different government debt-to-GDP ratio and determined the optimal government debt that 
maximizes the social welfare. However, this analysis does not immediately lead to the con-
clusion that the current government debt-to-GDP ratio should be shifted to the optimal level, 
no matter what the current ratio is. It is because if the current government debt ratio was 
200%, a large amount of fiscal consolidation would be required to reach the stationary equi-
librium of 66%. The RW analysis takes this into account when discussing the cost of reduc-
ing government debt.

RW calculates the transition path when the government debt-to-GDP ratio decreases 
from 0.66 to 0.6. RW consider two types of decrease in government debt: a convex decrease 
with a large initial decrease, and then a gradual decrease, and a concave decrease with a 
small initial decrease and a larger decrease as time passes. In order to reduce the govern-
ment debt, the tax rate on income τy, is varied. Since the welfare loss is smaller in the con-
cave case, this suggests that it is desirable to take a long time span to reduce the government 
debt in order to give households time to adjust. In addition, even though the welfare at the 
end of the period is high when only the stationary equilibrium is compared, all the changes 
in welfare are negative when the transition path is included in the analysis, indicating that it 
is important to include the analysis of the transition path.

V.  Timing of Government Debt Reduction through a Consumption Tax Hike

Following the two postponements of the consumption tax hike from 8% to 10% in Ja-
pan, Ino and Kobayashi (2020) analyzed how the choice of whether to raise the consump-
tion tax early or after the increase of government debt differs between individuals with dif-
ferent asset holdings. The model is for individuals living for an infinite period, similar to 
AM, but the transition path is calculated as follows.

V-1.  Transition Path

Let T denote the period when the economy reaches the new stationary equilibrium after 
the policy change. After the period T, the economy is in the stationary equilibrium forever, 
so the transition path can be characterized as a sequence of functions with length T. We as-
sume that the economy reaches the stationary equilibrium associated with fiscal policy τini 
initially, and compute the transition path to the new stationary equilibrium associated with 
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fiscal policy τterminal. We define the transition path in the appendix.

V-1-1.  Numerical Analysis
The parameters of this model are set to be consistent with the Japanese data. The specif-

ic settings are as follows.
In this model, one period in the model corresponds to one year.
Following Nakajima and Takahashi (2017), we choose the value of discount factor and 

exogenous growth rate to match the recent low growth and low interest rate: β＝0.991, g＝

0.009. We use the standard utility function (cηl1– η)1–μ

1 – μu(c, l ) =  and set µ＝1.5, η＝0.328. 

We assume that households cannot borrow, that is, a＝0. To set the capital’s share of income 
to 0.3, we set α＝0.3. We set δ＝0.075 so that the output-to-capital ratio is close to 4.

We assume that the labor productivity shock follows the AR(1):
log(ϵt+1) = ρ log(ϵt)＋et, et~N(0,σ 2e).

In Nakajima and Takahashi (2017), a fixed-effects part is included for each individual 
throughout time, but in this paper, the fixed-effects part is removed to simplify the calcula-
tion because we are calculating the transition path. For the parameter setting, we follow Na-
kajima and Takahashi (2017) and set ρ = 0.9, σ = 0.226. The shocks themselves are continu-
ous variables, but in order to implement the calculation, we use the method of Tauchen 
(1986) to approximate them by a discrete Markov process with seven possible values.

Regarding parameters associated with fiscal policy, for the initial stationary equilibrium, 

we set Tr
Yχ = = 0.14, 

G
Yγ = = 0.13, and for the terminal stationary equilibrium, we set 

G
Yγ = = 0.24. For the initial stationary equilibrium, we choose this value so that the con-

sumption tax rate is equal to 8%, and for the terminal stationary equilibrium, we follow Fu-
kawa and Sato (2009). For tax rates set exogenously, we follow Hansen and İmrohoroğ lu 
(2016) and set τy＝0.34.

V-2.  Results: Transition Path

Ino and Kobayashi (2020) analyze the transition path for policy changes in response to a 
permanent increase in government spending that is not expected to occur in period 0. Spe-
cifically, we run the following simulation.

In the initial period, the economy is assumed to be in a stationary equilibrium with b＝
0.6, i.e., the government debt-to-GDP ratio is 60%.

In period 0, a permanent increase in government spending g occurs. Because of the in-
crease in spending, if τy is fixed, the consumption tax τc must be increased or the government 
bond issuance bt＋1must be increased to satisfy the government’s budget constraint equation.

Under these circumstances, we consider the following two policy scenarios.
1.  The consumption tax rate is kept at 8% until the government debt-to-GDP ratio reach-

Policy Research Institute, Ministry of Finance, Japan, Public Policy Review, Vol.18, No.1, April 2022

CW6_A1134D02.indd   9 2022/03/30   16:59:54



es 150% (b＝1.5), and then the consumption tax τc is set so that the government debt 
decreases to b＝1 over 40 years.

2.  The consumption tax rate is kept at 8% until the government debt-to-GDP ratio reach-
es 200% (b＝2), and then the consumption tax τc is set so that the government debt 
decreases to b＝1 over 40 years.

The first scenario corresponds to an early tax hike, while the second corresponds to the 
postponement of the tax hike. In both scenarios, the consumption tax rate after the govern-
ment debt ratio reaches a certain level is set so that b converges to b＝1 at a certain rate over 
40 years.

By calculating the transition path under these two policy scenarios and calculating which 
scenario households would have higher utility in period 0, we examine the preferences of 
individual households for an early tax hike.

Figure 2 plots the transition path under these policy scenarios.
As long as the budget deficit is covered by government debt, interest rates will rise and 

capital will decline. This is because more debt raises the demand for assets. Once the con-
sumption tax begins to increase, government debt decreases and capital increases.

Since the government debt-to-GDP ratio at the endpoint is greater than at the beginning, 
interest rates will decrease in the long run.

Comparing the early and postponed tax hike scenarios, we can see that the postponed 
scenario would require a larger consumption tax hike. This is because postponing the tax 
hike will increase the outstanding balance of government debt, and because higher interest 
rates will require greater financial resources to reduce government debt. However, postpon-
ing the tax hike means that the consumption tax hike will occur further in the future, so the 
fact that the amount of the consumption tax hike is large does not necessarily mean that an 
early tax hike is immediately desirable.

Figure 3 plots the difference in the value function of each individual under an early tax 
hike and postponement of the tax hike. For each labor productivity level є, this figure plots

V0(a,є; early tax increase)-V0(a, є; late tax increase). (50)
If this figure is positive, households in the corresponding state (a, є) will gain higher 

utility in the early tax hike scenario.
This figure shows that households with fewer assets and lower labor productivity will 

gain higher utility from an early tax hike, while households with more assets and higher la-
bor productivity will gain higher utility from postponing the tax hike.

This is because households with more assets can earn more interest income as govern-
ment debt increases and interest rates rise due to the postponement of the tax hike, while 
households with fewer assets cannot enjoy the benefits of the tax hike and face the disad-
vantages of the higher consumption tax due to the postponement of the tax hike. In addition, 
households with high labor productivity but low assets can save and immediately increase 
their asset holdings, so they will gain a higher utility from a rise in interest rates due to the 
postponement of the tax hike, whereas households with low labor productivity will with-
draw their savings and gain a higher utility from an earlier tax hike even if they currently 
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Figure 2. Transition path: early tax hike b=1.5 (solid line) late tax hike b=2 (dotted line)

Figure 3. The difference of utility between early and late tax hike
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hold a lot of assets. Figure 4 shows the effect of tax hikes on labor productivity.
In Figure 4, we plot the voting behavior of households in each labor productivity to the 

policy scenario. This value is 1 if the difference in the value function shown in equation (50) 
is positive, and 0 otherwise, and can be seen as an indicator of whether or not the house-
holds will vote for an early tax hike.

Figure 4 shows that households with fewer assets and lower labor productivity vote for an 
early tax hike, while households with more assets and higher labor productivity vote for the 
postponement of the tax hike, according to the difference in the value function. Once the vot-
ing behavior of individual households is known, it can be multiplied by the distribution of 
households and added up to calculate the overall voting rate for an early tax hike, which is 
60.01% under the Ino and Kobayashi (2020) calibration. The high voter turnout for an early 
tax hike is due to the fact that most households are located near the lower end of the distribu-
tion of asset holdings.

VI.  Conclusion

This paper reviews an incomplete market model in which excess savings and positive 
government debt may increase social welfare, particularly the cases when an overlapping 
generation structure is introduced and the transition path to a new stationary equilibrium 
with reduced government debt is analyzed.

Peterman and Sager (2018), assuming individuals who live for a finite period, conclude 
that the optimal government debt-to-GDP ratio can be negative, unlike the conclusion of Ai-

Figure 4. Voting: =1 if agree on early tax hike, =0 if agree on postponing tax hike.
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yagari and McGrattan (1998) who assume individuals who live for an infinite period. This is 
because the benefit of increasing the interest rate by increasing the government debt to cre-
ate an environment in which individuals can easily save can only be enjoyed by the old gen-
erations who have finished saving under the assumption individuals living for a finite peri-
od, and it is more effective to equalize consumption and leisure by lowering the interest rate.

By analyzing the transition path, Röhrs and Winters (2017) show that even if the equi-
librium corresponding to less government debt achieves higher social welfare in the long-
term, when the short-term costs of transitioning from a stationary equilibrium with high 
government debt to a stationary equilibrium with low government debt are included, reduc-
ing government debt may not improve social welfare. It should be noted, however, that this 
result is applicable to the transition from one stationary equilibrium to another, but does not 
evaluate the transition from an economy with a divergent path of ever-increasing debt to a 
stationary equilibrium with certain debt, as is the case in Japan today. Kobayashi and Ueda 
(2021) used a representative individual model to analyze policies to shift from a divergent 
path of government debt to a stationary equilibrium with a consumption tax hike, and found 
that fiscal consolidation with a consumption tax hike improved social welfare more than the 
divergent path.

Ino and Kobayashi (2020) analyze the transition path of whether to raise the consump-
tion tax early or postpone it, and found that people with fewer assets prefer to raise the tax 
early, which results in a smaller consumption tax hike, while people with more assets prefer 
to postpone the tax hike, which results in higher interest rates and more interest income.

Analysis using incomplete market models can take income and asset inequality into ac-
count and can explain the persistently low interest rates that are a major feature of the cur-
rent economic environment. On the other hand, due to its computational cost, it is often sub-
jected to simplifying assumptions, such as analysis only between stationary equilibria or 
individuals living for an infinite period, which may have a significant impact on the conclu-
sions. As shown in Tables 1 and 2, there are still many analyses to be done in this area. In 
particular, there is no research in either Japan or the U.S. that analyzes transition paths using 
models that include an overlapping generation structure, and this is a major issue for future 
research.
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Appendix

Removing Trend
In AM’s model, there is an exogenous technological growth zt. We cannot define station-

ary equilibrium because variables grow at a constant rate. Therefore, we first have to remove 
the trend in order to define the stationary equilibrium.
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In order to remove the trend, we define the variables with tildes as a ratio to GDP:

 (3)

We can transform the households’ budget constraint by dividing by Yt :

 (4)

c̃t＋(1＋g)ãt＋1≤(1－τy)w̃ tet(1－lt)＋(1＋rt(1－τy))ãt＋X. (5)
By defining β̃ ≡ β(1＋g)µ(1－ν), the utility function of households can be written as

 (6)

 (7)

 (8)

So, the households’ optimization problem can be written as

 (9)

s.t. c̃t ＋(1＋g)ãt＋1≤ (1－τy)w̃ tet(1－lt)＋(1＋rt(1－τy))ãt＋χ (10) 
   c̃t ≥ 0, ãt＋1 ≥ 0,∀t.  (11) 

Stationary equilibrium in AM
Given the fiscal policy τ = (τy,B̃), a stationary equilibrium in this model is a pair of 

(V,ã ′,l,w,r,µ,K̃,L̃) which satisfies:
1.  V is the solution to the following Bellman equation and (ã ′,l) is the associated policy 

function:

 (12)

 s.t. c̃＋(1＋g)ã ′
 = [1＋(1－τy)r]ã＋(1－τy)w̃ (1－l)ϵ＋χ. (13)

2.  Prices (r,w) and capital and labor input (K,L ̃) is consistent with the firm’s profit maxi-
mization

 (14)

 (15)

 (16)

3. Labor and capital markets clear.

ct

Yt
c̃t ≡ , ãt ≡

at

Yt
, w̃t ≡

wt

Yt
, K̃t ≡

Kt

Yt
, Ãt ≡

Trt

Yt
≡ χ.At

Yt
, T̃rt ≡

ct

Yt
+ at+1

Yt+1

at

Yt
+ Trt

Yt

Yt+1

Yt
≤ (1 – τy) 

wt

Yt
 et(1 – lt)+ (1+ rt(1 – τy)) 

(ct
μlt

1–μ)1–v

1 – vβ t ∑
t=0

∞ [(ct/Υt)
μlt

1–μ]1–v

1 – vβ tΥt
μ(1–v) ∑

t=0

∞

=

[c̃t
μlt

1– μ]1–v

1 – vβ t∑
t=0

∞

= Υ0
μ(1–v)

 μ(1–v)Yt

Y0
) (

[c̃t
μlt

1–μ]1–v

1 – vβ̃ t ∑
t=0

∞

= Υ0
μ(1–v) .

β̃ t max ∑{c̃t, lt, ãt+ 1}
∞
t= 0

t=0

∞ [c̃t
μlt

1–μ]1–v

1 – vΥ0
μ(1–v)

⎭
⎬
⎫

⎭
⎬
⎫+ β̃E[V(ã′, є′, τ)]V(ã, є, τ) = max

c̃, ã ′ ≥a, l

(c̃ηl1–η)1–μ

1 – μ

w = z(1–α)
 α–1K

zL ) (
= (1–α)w̃≡

 α–1K̃
L

w
z ) (

r = α – δ.
 αK̃

L ) (
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L = ∫ є[1－l(a,є)] dµ(a,є), (17)
Ã = K̃＋B̃ (18)

4. The distribution of households is constant over time.

 (19) 

5. Government budget constraint satisfies
τy(rK̃＋wL̃) = γ＋χ＋(r－g) B̃. (20)

Stationary equilibrium in Peterman and Sager
Given a fiscal policy τ = (G,B,B′,R), a stationary equilibrium in this economy is a pair of 

functions ({Vj, cj, a′j, hj, λj}
J
j=1,w,r,K,L,Tr) which satisfies

1.  Vj is the solution to the Bellman equation and (cj,a′j,hj) is the associated policy func-
tion.

2.  Prices (r,w) and capital-labor inputs (K,L) are consistent with the firm’s profit maximi-
zation

 (31)

 (32)

3. Capital and Labor market clear.

 (33)

 (34)

4. The distribution of households is constant over time.
λj＋1(a

′,є′,m) = ∫ 1{a′
j(a,є,m) = a′}ψjπ(ε′|ε)λj. (35)

5. Government budget constraint satisfies
G＋(1＋r)B = B′＋R (36)

 where the revenue R is given by

 (37)

6. Unanticipated bequest coincides with the income transfer.

 (38)

7. Social security satisfies the budget constraint.

μ(a′, є′, τ) =∑
a

1{a(a, є) = a′}P(є′|є)μ(a, є, τ)∑
є

w = z(1–α)
 α–1K

zL ) (
r = α – δ.

 αK̃
L ) (

L = μj e(ε)hj(a, є, m)dλj(a, є, m)∑ ∫
j=1

J

μj adλj(a, є, m)=K +B∑ ∫
j=1

J

R ≡ μj Y( y(hj(a, ε, m)), a, ε)dλj(a, ε, m).∑ ∫
j=1

J

(1+gn)Tr = (1 – ψj)μj a′j(a, ε, m)dλj(a, ε, m)∑ ∫
j=1

J
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 (39)

Transition path in Ino and Kobayashi (2020) 
Given the fiscal policy τt = (τy,t,γt,χt,Bt̃), a transition path is a pair of functions 

(Vt, ã′t, W̃t, rt, μt, K̃t, Lt, τc, t)
T
t=0 which satisfies:

1.  Vt is the solution to the following Bellman equation and a′t is the associated policy 
function:

 (40)

s.t. (1＋τc,t) c＋(1＋g)a′ = (1－τy,t)wtє(1－l )＋(1＋(1－τy,t)r)a＋χ, (42)
  a′ ≥ a, l∈［0,1］, c ≥ 0,

  where the value function at the terminal coincides with the one in the terminal stational 
equilibrium (VT (a,є) = V (a,є,τterminal)).

2.  Prices (r,w) and capital-labor input (K,L) are consistent with the firm’s profit maximi-
zation;

 (43)

  (44)

3. Capital and Labor market clear.
Lt = ∫є[1－lt(a,є)]dμt(a,є), At̃= K̃ t＋Bt̃. (45)

4. The distribution of households (46)
µt＋1(a′,є′) = ∑∑1{a′t(a,є) = a′}P(є′|є)µt(a,є), (47)
with µ0((a,є) = µ(a,є,τini)).

5. Government budget constraint satisfies.
Gt̃＋(1＋rt)Bt̃ = Bt̃＋1(1＋ɡ)＋τc,tτCt̃＋τ yt(rt  K̃t＋W̃ t  L). (48)

Details in the numerical analysis
We discretize the continuous variable asset as follows. First, we set the upper bound of 

the asset a so that only a negligible fraction of households try to hold assets more than that 
level. The lower bound of asset a is a parameter of this model. Once we decide the upper 
and lower bounds, we create an evenly spaced grid of Na points between [a,a]. Ino and Ko-
bayashi (2020) use a = 40 and Na = 101.

In order to calculate the stationary equilibrium, we used the following algorithm:
1. Make a guess on the interest rate and wage (r,w) and set (ri,wi).
2 . i th iteration: we calculate the gap between demand and supply of assets and labor as 

∑∫
j=1

J

bss (m)dλj(a, ε, m)=∑∫
j=1

J

τss min{we(ε)h, m}dλj(a, ε, m)

P(є′|є)Vt+1(a′, є′)]}∑
є′

Vt(a, є) = max{u(c, l)+ β̃ 
a′, c, l

= (1–α)W̃t ≡
 α–1K̃t

Lt

Wt

zt
) (

rt = α
 αK̃t

Lt
) ( – δ.
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follow:
 ・�Given (ri,wi), we solve the Bellman equation and obtain (a′i,l). We use the backward 

induction when we assume households live for a finite period, and for infinitely 
lived households’ case, we use Value Function Iteration.

 ・�Use the policy function to obtain the distribution of households µi(a,є). (Details are 
below.)

 ・�Once we compute prices (ri,wi), policy functions a′i(a,є), and household’s distribu-
tion µi(a,є), we can compute the demand and supply of asset and labor.

3 . If the demand-supply gap is small enough, then the guess is correct. Otherwise, up-
date the guess on prices and go through the process again.

In order to compute the stationary distribution, we use the following algorithm:
 ・�We create a finer grid space for assets with Na ×M points and interpolate the policy 

function on this space. Ino and Kobayashi (2020) use M = 3.
 ・If a′ ∈(ai  ,ai+1), we define the probability a′ = a as

 (51)

Based on this, we can create the transition probability matrix over a′ as follows: a′ = ai＋1 

with probability p(a,z), and a′ = ai with probability 1－p(a,z). Then we can use the eigenvec-
tor method (Badshah, Beaumont, and Srivastava (2013)) to compute the stationary distribu-
tion.

Computation of transition path
In computing the transition path, we follow Conesa and Krueger (1999) and make a 

guess on (K,L).
1 . Compute the initial and terminal stationary equilibrium. Let T denote the time when 

the economy converges to the terminal stationary equilibrium after the policy change.
2 . Make a guess on a sequence of labor and capital     , i = 0. We can compute a 
sequence of prices (ri

t, W̃
i
t)

T
t=0 from the firm’ s profit maximization.

3 . Given prices     , we can update       as follows:
 (a)  Given prices and terminal condition VT (a,є) = V SS(a,є), solve the households’ 

problem backward.
 (b)  Given the policy functions, compute the distribution of households forward start-

ing from µ0(a,є) = µSS(a,є).
 (c)  Use the policy function and the distribution of households to update the aggregate 

capital and labor.
4 . We check if the guess is correct or not by using the condition max           
< ε. If this condition is satisfied, done. Otherwise, update the capital and labor as follows:

and go to step 2 again.
It is not guaranteed that this algorithm converges. We try a different value of the weight 

on the old guess, ω, and obtained convergence with ω = 0.9.

ai+1 – a′(a, z)
ai+1 – ai

p(a, z) = .

(Li
t, K̃

i
t)

T
t=0

(ri
t, W̃

i
t)

T
t=0 (Lt

i*, K̃t
i*)T

t=0

{|Kt, i – K*
t, i|, |Lt, i – L*

t, i|}

Kt, i+1 = ωKt, i +(1 – ω)K*
t, i, Lt, i+1 = ωLt, i +(1 – ω)L*

t, i
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