
641

Accuracy and speed of the solution methods for sovereign default models:
The stable performance of the Tauchen method and cubic spline interpo-
lation＊
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Abstract
We examine the solution methods of sovereign default models in accuracy and speed 

when using the Tauchen and the Rouwenhorst methods for discretizing AR (1) endowment 
processes, and linear, quadratic and cubic spline interpolation for approximating the value 
functions. Our results show that (i) the Tauchen method obtains stable solutions  in all the 
cases. (ii) using interpolation methods for approximating value functions improves both ac-
curacy and speed as with previous studies, and (iii) cubic spline interpolation delivers accu-
rate and stable performance regardless of types of default cost and the degree of persistence 
unlike linear and quadratic splines.
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I.  Introduction

The stylized facts in business cycles of emerging economies against advanced econo-
mies are volatile output, excessive consumption volatility, countercyclical current accounts, 
countercyclical interest rates, and frequent sovereign default (Neumeyer and Perri, 2005; 
Aguair and Gopinath, 2006 and 2007; Uribe and Yue, 2006; Uribe and Schmitt-Grohe, 
2017). Literature of sovereign default models has succeeded in replicating these features in 
DSGE frameworks (Aguiar and Gopinath, 2006; Arellano, 2008). However, the models are 
full-nonlinear necessitating huge computational time for solving the models, and only Gu-
mus et al. (2017) and Yamazaki (2018) attempt to estimate sovereign default models, to the 
best of our knowledge. It is important to reduce the number of grids without losing accuracy 
severely for estimating full-nonlinear DSGE models.

Many studies solve sovereign default models applying value-function-iteration, but the 
details (e.g. the number of grids, interpolation methods for approximating value functions 
and discretization methods for AR (1) processes) differ among the papers. Hatchondo et al. 
(2010) broadly investigate accuracy and speed of solution methods for sovereign default 
models, finding DSS (discrete state space technique) is significantly more inefficient than in-
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terpolation methods which approximate the value functions.
However, Hatchondo et al. (2010) leave the question whether this implications is valid 

even when we choose other discretization methods for an AR (1) process. Kopecky and 
Suen (2010) document that the Rouwenhorst (1995) method is more reliable than others in 
approximating highly persistent processes. On the other hand, the Tauchen (1986) method is 
widely adopted in literature of sovereign default models. This article investigates the perfor-
mance of these two AR (1) discretization methods. Kopecky and Suen (2010) also demon-
strate that the Tauchen does not perform the best, but exhibits stable and relatively accurate 
performance through many specifications.

Another important issue is the degree of spline interpolation. Hatchondo et al. (2010), 
the study for sovereign default models, use cubic spline interpolation, while Kopecky and 
Suen (2010) which investigate a stochastic growth model, Aiyagari (1994) and French 
(2005) models, use linear interpolation. Generally, higher degree interpolation seems to im-
prove accuracy, but some studies point out the advantage of linear interpolation that it 
avoids internodal oscillations, which may make it surpass interpolationin of higher degrees 
in accuracy (Judd and Solnick, 1994; Wang and Judd, 2000; Stachurski, 2008; Cai and Judd, 
2014). Richter et al. (2014) solve full-nonlinear New-Keynesian DSGE models, and report 
that linear interpolation outperforms Chevyshev interpolation in accuracy in some cases. 
Judd and Solnick (1994) report cubic spline interpolation provides more accuracy than lin-
ear interpolation, but linear interpolation outpaces cubic splines in convergence.

The first contribution of this paper is we show that the Rouwenhorst method is not stable 
as compared to the Tauchen in the economy with asymmetric domestic cost such as the pa-
rameterization of Arellano (2008). The potential reason for this is that the Rouwenhorst 
method produces less probability staying at the current point in a transition matrix even if a 
process is highly persistent, comparing with the Tauchen. This feature is the advantage when 
we approximate a highly persistent AR (1) process to match its unconditional mean and 
variance, but which also necessitates much finer grids for asset holdings.

Another contribution is that we reaffirm the implications of Hatchondo et al. (2010) is val-
id even when we choose the Tauchen method for discretizing AR (1) processes. DSS necessi-
tates a large number of grids to approximate accurately bond price schedules and policy func-
tions as compared to the method applying spline interpolation to approximate the value 
functions. Using interpolation methods enables us to let the government choose its optimal 
borrowing level from a continuous set and allow for endowment realizations that do not lie on 
the grid.

Third, our result shows that cubic spine interpolation achieves stable and more accurate 
performance through many specifications than linear and quadratic interpolation. The intu-
ition behind the better performance is that cubic spline interpolation has an advantage on the 
accuracy of capturing the credit risks on a steep narrow line of bond price schedules in the 
case of proportional default cost. As shown in Section 5, proportional default cost generates 
steep straight-line bond price schedules, meaning credit risks suddenly emerge, inflate and 
reach an upper limit. In contrast, in the economy with asymmetric default cost, credit risks 

642 T Yamazaki / Public Policy Review



643

evolve moderately in a wide range and the resulting slope of the bond price schedule is 
gradual. Thus, accuracy within grids is more beneficial under proportional default cost than 
under asymmetric default cost.

The rest of the article proceeds as follows. Section Ⅱ presents the models. Section Ⅲ 
discusses the computation. Section Ⅳ presents the results and Section Ⅴ robustness. Section 
Ⅵ concludes.

II.  The model

We investigate the performance of solution methods in Aguiar and Gopinath (2006) and 
Arellano (2008). They consider a small open economy which receives a stochastic stream of 
income. The government is benevolent and its objective is to maximize the utility of house-
holds.

II-1.  The Model

Households are identical and risk averse, and have preferences as follows

E0∑βtu（ct）,
t＝0

∞

 (1)

where β is the discount factor, ct is consumption, and u (・) is increasing and strictly concave. 
The endowment yt is composed of a transitory component zt and a trend Γt:

yt＝Γt e
zt. (2)

The transitory shock zt follows an AR (1) process around a long run mean μz and autocor-
relation coefficient ︱ρz︱＜1:

zt＝(1－ρz)μz＋ρz zt－1＋ε z
t, (3)

where ε z
t～N(0, σ2

z ), and the trend follows

Γt＝ɡtΓt－1, (4)

lnɡt＝(1－ρɡ)(lnμɡ－m)＋ρɡlnɡt－1＋εɡt, (5)

where ︱ρɡ︱＜1, εɡt～N(0,σ2
ɡ), and m=

1
2 1－ρ2

ɡ

σ2
ɡ . We denote the growth rate of trend income 

as ɡt, which has a long run mean μg.
The government is benevolent, and its objective is to maximize the expected present dis-

counted value of households’ future utility. The government has access to international fi-
nancial markets. It can buy or sell one-period discount bonds b′ at price q(b′, z, Γ, ɡ) for the 
optimization. A purchase of a discount bond with a positive value for b′ means that the gov-
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ernment saves q(b′, z, Γ, ɡ)b′, and a negative value means it borrows q(b′, z, Γ, ɡ)b′ from 
capital markets.

The government also decides whether to repay or to refuse to pay previously issued 
debt. The bond price q(b′, z, Γ, ɡ) is endogenous to the government’s default probability 
which depends on the debt level and the realization of endowment z, Γ, ɡ. Foreign creditors 
have perfect information of the economy’s endowment and the debt level. They are assumed 
to price defaultable bonds in a risk neutral manner such that in every bond contract offered 
they break even in expected value. In equilibrium, lenders offer a price

q（b', z, Γ, ɡ）=
1

1+r 1－∬d（b', z', ɡ' Γ, ɡ'）FZ（dz'|z）FG（dg'|ɡ） (6)

that satisfies their zero-profit condition, where d(b′, z′, ɡ′Γ, ɡ′) denotes the optimal default 
rule for the government, Fz and FG denote the cumulative distribution functions for z and ɡ. 
The cost of sovereign default urges the government to repay its debt, while an increase of 
available resources entice it to default. Driven by sovereign default episodes and its litera-
ture, Aguiar and Gopinath (2006) and Arellano (2008) model the costs from default as con-
sisting of two components: direct output costs and exclusion from international financial 
markets. First, if the government decides to repudiate its debt, it faces a direct output loss of 
φ(y) in every period until it recovers from a default state1. Second, the government lose the 
access of international financial market if defaults. Both of the costs are discharged with 
probability ψ∈[0,1].

When the government selects to repay its debt obligations, the resource constraint is the 
following:

c＝y＋b－q(b′, z, Γ, ɡ)b′. (7)

When the government chooses to default, it loses access to international financial market, 
and the resource constraint is:

c＝ydef. (8)

II-2.  Recursive Equilibrium

The value function that has the option to repay and default V o(b, z, Γ, ɡ) is given by,

V o(b, z, Γ, ɡ)＝max{V c,V d} (9)

where V c(b, z, Γ, ɡ) is the value associated with repayment and having access to internation-
al financial markets, and V d(z, Γ, ɡ) is the value associated with default. The respective val-
ue functions are given by:

{c, d}

                          
1 Including Arellano (2008), many studies on sovereign default models assume exogenous cost. The mechanism behind the 
cost is labor allocation inefficiency by being isolated in international financial makets (Mendoza and Yue, 2012). There is the 
consensus on the existence of this default cost, but the magnitude of the cost varies in empirical studies (Panizza et al., 2009).
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{ } ,
b'

V c（b', z, Γ, ɡ）= max u（c）＋β∬V o（b', z', ɡ' Γ, ɡ'）FZ（dz'|z）FG（dɡ'|ɡ）　  (10)

V d（z, Γ, ɡ）=u（y－ ϕ（y））＋β∬[ψV o（b', z', ɡ' Γ, ɡ' ）

＋（1－ψ）V d（z', ɡ' Γ, ɡ'）] FZ（dz' |z）FG（dɡ' |ɡ）.
 (11)

Definition 1. A recursive equilibrium for the economy consists of the following elements:
1.  A set of value functions V o(b, z, Γ, ɡ), V c(b, z, Γ, ɡ), and V d(z, Γ, ɡ);
2.  A set of policies for asset holdings b′(b, z, Γ, ɡ) and default decisions d (b, z, Γ, ɡ); and
3.  A bond price function q (b′, z, Γ, ɡ), such that
    a.   V o(b, z, Γ, ɡ), V c(b, z, Γ, ɡ), V d(z, Γ, ɡ) satisfy functional equations (9), (10), (11), 

respectively;
    b.   the default rules d (b, z, Γ, ɡ) solves problem (9), and the policy for asset holdings 

b(b′, z, Γ, ɡ) solves (10); and
    c.  the bond price q (b′, z, Γ, ɡ) is given by equation (6).

II-3.  Parameterization

The following utility function is used in the numerical solutions:

u（c）= .
c 1－γ－1

1－γ  (12)

Domestic cost, loss of output, is parameterized two approaches. First, the proportional 
cost adopted by Aguiar and Gopinath (2006) for Model I and Model II,

φ(y)＝λy. (13)

Second, the asymmetric cost adopted by Arellano (2008) for Model III,

y－λ　if  y ＞ λ,
0　　　if  y ≤ λ.{φ（y）=  (14)

Parameter values are specified in table 1.
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III.  Computation

We solve the model numerically applying value function iteration. Most of the process is 
identical to Hatchondo et al. (2010), except that we adopt Tauchen (1986) and Rouwehn-
horst (1995) for discretizing AR (1) processes2, and linear, quadratic and cubic splines for 
approximating value functions. In this paper, we attempt to answer the following questions.

(a) Does the Rouwenhorst method outperform the Tauchen?
(b)  Is the implication of Hatchondo et al. (2010) is valid even when we use the Tauchen 

and the Rouwenhorst methods for discretizing AR (1) processes?
(c)  Is there significant difference in accuracy and speed among linear, quadratic and cu-

bic splines?
For the question (a), Kopecky and Suen (2010) investigate the methods of Tauchen 

(1986), Tauchen and Hussey (1991), Flodén (2008)’s variation of the Tauchen-Hussey, Adda 
and Cooper (2003) and Rouwenhorst (1995), for a stochastic growth model, Aiyagari (1994) 
and French (2005). In this article, we compare the performance of the Tauchen with the 
Rouwenhorst, but skip other methods due to the limit of space. The reason why we adopt 
the Rouwenhorst is nothing to say that it demonstrates the best performance in the research 
of Kopecky and Suen (2010). As for the Tauchen, it exhibits the stable performance in any 
models even though it does not outperform the Rouwenhorst. The Tauchen-Hussey and 
Floden (2008)’s variation outperform the Rouwenhorst and the Tauchen in some cases, but 
they considerably fall behind the Tauchen and the Rouwenhorst in the French (2005) speci-
fication or some choices of the number of grids.

Table 1. Parameter values.

Notes: Model I and Model II correspond to the parameterization of only transitory shocks 
and only trend shocks models in Aguiar and Gopinath (2006). Model III corresponds to the 
parameterization in Arellano (2008).

                          
2 The details of the Rouwenhorst and the Tauchen methods are in an Appendix.
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Regarding the question (b), many studies on sovereign default models including Aguiar 
and Gopinath (2006) and Arellano (2008) solve the models using DSS which restricts the 
sovereign to choose the optimal borrowing level from a discrete set of points. In contrast, 
using interpolation methods enables the sovereign to choose its optimal debt level from a 
continuous set and to allow for endowment realizations that do not lie on the grid. Hatchon-
do et al. (2010) find that the interpolation methods are significantly more efficient than DSS.

DSS use a global grid search procedure for finding the optimal borrowing level without 
interpolation in a value function iteration process. Spline interpolation also applies the same 
procedure beforehand for searching a candidate value for the asset holdings policy func-
tions, since the function may not be globally concave. Then, this candidate value is used in a 
nonlinear optimization.

With respect to the question (c), Hatchondo et al. (2010) do not investigate linear and 
quadratic splines, but linear interpolation has shape-preserving property, and may outper-
form higher order interpolation methods in accuracy and speed (e.g. Judd and Solnick, 1994; 
Wang and Judd, 2000; Stachurski, 2008; Cai and Judd, 2014). They check the performance 
of Chevyshev collocation, but we do not because they document cubic spline interpolation 
is much faster than Chevyshev collocation with almost same accuracy.

To evaluate the accuracy, first, we compute the quasi-exact solutions using very fine 
grids applying cubic spline interpolation for approximating value functions since there is no 
analytical solution for Aguiar and Gopinath (2006) and Arellano (2008). In quasi-exact solu-
tions, we allocate 2000 grids for endowments and 4000 grids for asset holdings. The ratio of 
the number of grids for AR (1) processes over that for asset holdings is much larger than 
that of Kopecky and Suen (2010) since, for sovereign default models, allocating more grids 
for an endowment process drastically improve the accuracy, especially Arellano (2008) 
model, as Hatchondo et al. (2010) find.

Table 2 and table 3 reports the grid specifications used for each method. We set the con-
vergence criterion max︱V 0

i (b, z, Γ, ɡ)－V 0
i－1(b, z, Γ, ɡ)︱＝10－6. We recast the Bellman 

equations in de-trended form to find the solutions for Model I and Model II, normalizing all 
variables μɡyt－1. The code is written in Julia 4.7 in a Windows 10 platform using Intel 

Table 2. The grid specifications for DSS
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Core-i7 6700HQ processors with speed of 2.60 GHz. The range of b is [－1.0,0.0], the value 
of Ω＝3 following the original work of Tauchen (1986). The main evaluation criterion is the 
accuracy in approximating the business cycle moments generated by the model, such as Ha-
tchondo et al. (2010) and Kopecky and Suen (2010). The business cycle moments are gener-
ated the variables of length 1,000,000 using Monte Carlo simulations. The first 10,000 ob-
servations are discarded as the burn-in and the rest are used.

IV.  Results

IV-1.  The stable performance of the Tauchen method

First, we consider the performance of the Rouwenhorst and the Tauchen. Figure 1 shows 
that the Rouwenhorst produces implausible bond price schedules in Model III with asym-
metric default cost. Each grid specification of Figure 1 is the same ratio 21:200, but the per-
formance is gradually deteriorated as the number of grids increases. The possible reason for 
the result is that the probabilities staying at a current index, the transition probabilities of the 
Markov chain πi,i, are relatively lower in the Rouwenhorst than in the Tauchen, which may 
be the advantage of approximating highly persistent AR (1) processes, but also requires 
much finer grids on assets for approximating bond price schedules in sovereign default mod-
els. This phenomenon does not occur in Model I and Model II, thus we infer that asymmet-
ric default cost may be the cause of the instability. Hereafter, we adopt the Tauchen method 
for approximating AR (1) processes.

IV-2.    Interpolation methods outperform DSS with finer grids

Table 4 reports the ratio of business cycle statistics obtained under the simulations to the 
quasi-exact solutions, thus the standard is 1.0. The correlation coefficients are the difference 

Table 3. The grid specifications for spline interpolations methods
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between simulated values and those of quasi-exact solutions, therefore the reference value is 
0.0. The table also reports computation time for each exercise.

The results display that, similar to the result of Kopecky and Suen (2010), less than 25 
grid points are sufficient for approximating an AR (1) process itself. However, especially for 
σ (q) and ρ(q, y), DSS necessitates very fine grids to obtain the accurate values. The finest 
grids (4000, 2000) are required to confine the approximation errors within 20%, while cubic 
spline interpolation achieves the higher accuracy using less than (500, 125) grids which is 
much less than coarse grids for DSS. Athough linear and quadratic interpolation methods do 
poor jobs in Model I and Model II, we discuss this issue in the next subsection.

The source of imprecision in DSS is rather policy functions than bond price schedules. 
DSS with more than coarse level grids produces bond price schedules very close to the qua-
si-exact solution, while the policy function requires more than finer girds to match the qua-
si-exact solution (Figure 2). On the other hand, spline interpolation methods provide both 
accurate bond price schedules and policy functions (Figure 3). Note that the number of grids 
of respective classes (e.g. coarse, finer) for interpolation methods (Table 3) is much less than 
the ones for DSS (Table 2) even though the names are similar.

Another potential factor is that DSS cannot obtain the optimal borrowing level within 
grids even though the lines of the bond price schedule and policy functions appear to be cor-
rect. In DSS, the government can choose the optimal borrowing level from only a discrete 
set of points.

Figure 1. Bond price schedule: computed by the Rouwenhorst and cubic spline interpolation in Model III
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Table 4. The simulation results and computation time for DSS
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Table 5. The simulation results and computation time for interpolation methods: Model I
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Table 6. The simulation results and computation time for interpolation methods: Model II
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Table 7. The simulation results and computation time for interpolation methods: Model III
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As for speed, interpolation methods solve the models faster than DSS without losing ac-
curacy. The overall computational time is less than Hatchondo et al. (2010) due to the im-
provement on CPU performance.

IV-3.  Cubic splines outperform linear and quadratic splines in stability and accuracy

Linear and quadratic interpolation methods do poor jobs in Model I and Model II, 
whereas they put in an excellent performance at Model III (Table 5, 6, and 7). Especially, 
linear interpolation could not capture σ(q), ρ(q, y) and ρ(q, TB/Y) in Model II. Since bond 
prices do not fluctuate, σ(q) is almost zero, and resulting ρ(q, y) and ρ(q, TB/Y) is unstable.

However, cubic spline interpolation demonstrates the stable and accurate performance in 

Figure 2. Bond price schedules and policy functions computed by DSS in Model III
(A) The bond price schedules (B) The policy functions

Figure 3. Bond price schedules and policy functions computed by interpolation methods in Model III
(A) The bond price schedules (B) The policy functions

654 T Yamazaki / Public Policy Review



655

all cases. It generates very good approximation of the moments in Model II and Model III.
The potential source of the inaccuracy is proportional default cost since in Model III, the 

results are close to quasi-exact solutions without using fine grids, whichever we use linear, 
quadratic and cubic interpolation. Proportional default cost generates steep straight-line 
bond price schedules (Figure 4). This implies that, in the economy with proportional default 
cost, the credit spread suddenly emerges, inflates and reaches the upper limit, requiring ex-
traordinary fine grids in a narrow space between 1/(1+ r) and 0.0, leading to wasteful alloca-
tions of grids for asset holdings. In contrast, in the economy with asymmetric default cost, a 
bond price schedule depicts gradual slopes, and many grids are used for evaluating non-zero 
finite credit risks (Figure 4).

The advantage of cubic spline interpolation is demonstrated in the panel (B) of Figure 4. 
Only cubic spline interpolation captures credit risks on the almost vertical bond price sched-
ule, whereas linear and quadratic interpolation cannot.

On the other hand, all linear, quadratic and cubic splines capture credit risks in Model Ⅰ 
with the persistent output process (Panel (A) of figure 4). However, cubic spline interpola-
tion approximates σ(q) more accurate than the others since it interpolates between grids 
more carefully. In the next section, we propose how to mitigate these imprecision and ineffi-
ciency of linear and quadratic spline interpoation.

V.  Robustness

V-1.  Does proportional default cost really matter ?

We infer that the cause of the inefficiency of linear and quadratic interpolation in bond 
price schedules may be the proportional default cost. However, there are other parameters 

Figure 4. Bond price schedules computed by interpolation methods in Model I and Model II
(A) Model I (B) Model II
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which may affect bond prices. In this subsection, we demonstrate whether a slope of bond 
price schedule depends on default cost type or not. We calculate the bond price schedules 
using the same parameter values in the main analysis (Table 1), except that default cost is 
changed to be asymmetric.

The performance of business cycle statistics is provided in Table 8, and the resulting 
bond price schedules and policy functions are in Figure 5. Cubic interpolation succeeds to 
provide solutions close to quasi-exact. On the other hand, linear interpolation performs well 
in Model I with the persistent process, but does poor jobs in Model II with less persistent 
endowment. According to the relatively gradual slopes in Figure 5, this experiment reveals 
that the steep bond price stems from proportional cost though removing the proportional 

Table 8. The simulation results and computation time for interpolation methods: Model I and Model II under asymmetric default cost

Figure 5. Bond price schedules computed by interpolation methods in Model I and Model II under asymmetric default cost
(A) Model I (B) Model II
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property is not sufficient to reduce the inaccuracy in linear interpolation.

V-2.    Concentrating grids on a slope of a bond price schedule

The problem is not completely solved since there may be the economy where assuming 
proportional default cost is more plausible than asymmetric cost even though making de-
fault cost asymmetric improves performance of solution methods.

The problem of steep bond price schedules led by proportional default cost is waste use 
of grids, thus the direct solution is to allocate grids to the important points where non-zero 
finite credit risks emerge, in other words, concentrating the grids on the slope. Generally, we 
cannot know the points where the slope begins and ends beforehand, thus, we need the addi-
tional procedure to find the location to which we should allocate the grids intensively.

Our strategy is very simple. For the first, we solve the model using coarse broad range 
evenly spaced grids, and capture the roughly maximum value of the borrowing level. Then, 
we solve the model again using this upper limit.

Table 9 shows significant improvement in business cycle statistics, bond price schedules 
and policy functions. Even DSS generates the quite accurate moments in Model I and the 
roughly accurate ones in Model II. The increase of computation time is modest even though 
the proposed process requires us to solve the models twice.

VI.  Conclusion

Recent studies on sovereign default models have succeeded in replicating stylized facts 

Table 9. The simulation results and computation time for interpolation methods with concentrated asset spaces: Model I and Model II
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of business cycles in emerging economies. However, the models are full-nonlinear DSGE 
and necessitate huge computational time for the solutions. Therefore, it is important to re-
duce the number of grid points without losing accuracy severely for estimating sovereign 
default models in full-nonlinear Bayesian estimation frameworks.

We test the solution methods of sovereign default models in accuracy and speed when 
using the Tauchen and the Rouwenhorst methods for approximating AR (1) endowment pro-
cesses, and linear, quadratic and cubic spline interpolation for approximating the value func-
tions. Our results show that (i) the Tauchen method provides stable solutions even if default 
cost is asymmetric, (ii) using interpolation methods for approximating value functions im-
proves both accuracy and speed as with Hatchondo et al. (2010), and (iii) among linear, qua-
dratic and cubic spline interpolation, cubic spline interpolation demonstrates stable and ac-
curate performance regardless of types of default cost and the degree of persistence.

These results imply that the performance of solution methods of a sovereign default 
model depends on the degree of steepness of a bond price schedule which is affected by the 
types of default cost and the magnitude of persistence of an endowment process.

For mitigating the inefficiency and the inaccuracy derived from proportional default 
cost, we propose two ways. First, adding asymmetricity in default cost. It reduces the inac-
curacy drastically in any cases if we adopt cubic spline interpolation for approximating val-
ue functions. However, if we use linear interpolation and an endowment process is not per-
sistent, it does not sufficiently eliminate the inefficiency. The second way is concentrating 
grids on a slope of a bond price schedule to reduce inactive grids. It works well not only 
when we adopt cubic spline interpolation, but also even when we use DSS.

A promising area for future research is to examine the accuracy in Farmer and Toda 
(2017). The method can be applied to various stochastic processes, and is robust to parame-
ters including the number of grid points and the persistence of the process. These features 
may be beneficial to solve sovereign default models accurately.

Appendix I  The Rouwenhorst (1995) method

Here, we describe Rouwenhorst (1995) following Kopecky and Suen (2010). A formal 
proof of this method is provided by Kopecky and Suen (2010), though we do not provide it 
here. We consider the following AR(1) process

zt＝ρzt－1＋εt′ , (1)
where 0≤ρ≤1 and εt is the white noise with standard deviation σε. Unconditional mean 

is E[zt]＝0 and unconditional variance is σ2
z＝σ2

ε /(1－ρ2), which are derived from stationari-
ty. Further, if εt follows normally distribution in each period, then zt also follows normal dis-
tribution. The Rouwenhorst method approximate this process by a discrete state-space pro-
cess {yt}. First, we construct a symmetric and evenly-spaced state space YN＝{y1, ..., yN}, 
where y1＝－ψ and yN＝ψ. Them create a transition matrix ΘN. For any N≥2, ΘN is defined 
recursively by two parameters, p, q ∈(0,1) as follows:
Step 1:  When N＝2, define Θ2 as
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   p　　1－p
1－q　　q2＝ .Θ .

Step 2:  For N≥3, construct the N-by-N matrix 

ΘN－1　　0
  0'　　0

0　 ΘN－1

0　  0'
p +（1－p） +（1－q） 0　　   0'

0　　ΘN－1
.

  0'　　0
ΘN－1　　0

+q

where 0 is an (N－1)-by-1 column vector of zeros.
Step 3:  Divide all but the top and bottom rows by two such that sum of the elements in each 

row to one
Kopecky and Suen (2010) develop the new analytically tractable procedure for the ma-

trix ΘN. For any p, q ∈(0,1) and for any integer N ≥2, for i＝1, 2, ..., N, define a system of 
polynomials as follows

Φ(t; N, i)≡[p＋(1－p)t] N－i(1－q＋qt)i－1.

Expanding the above polynomials, then

Φ（t;N,i）=∑πi, j  t j－1.
j＝1

N
（N）

Define an N-by-N matrix πi,j  ΠN= [ ]（N） using the above coefficients. Kopecky and Suen (2010) 

show that for N ≥2, the invariant distribution of the Markov chain defined above is a bino-

mial distribution with parameters N－1 and 1－s, where 
1－q

2－（P+q）s = .

Then, we define an N-state discrete Markov process {yt} using the following parameters:
1+ρ

2
p=q= ,  

The selected moments of this Markov chain is listed in table 1.

ψ=√N－1 σz.

Table 1. The moments of the Markov chain.
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Appendix II  The Tauchen (1986) method

The first step of this method is to choose N, the number of states for the discrete approx-
imation, and Ω, an integer that parameterizes the width of the state space. Then, we create 
an evenly-spaced state space YN＝{y1, ..., yN}, where yN＝－y1＝Ωσz. We denote Φ be as the 
standard normal distribution. For any i＝1, ..., N, the transition probabilities of the Markov 
chain πi,j are as follows

πi, j=Φ（ ）,
y̅j－ρy̅i＋h/2
σε

for j＝1, j＝N, and

,πi,j＝Φ －Φ（ （） ）y̅j－ρy̅i＋h/2
σε

y̅j－ρy̅i－h/2
σε

for j＝2, ..., N－1, where h is the step size between the grid points.
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